We design a quantum repeater architecture using individual 167 Er ions doped in Y2SiO5 crystal. This ion is a promising candidate for a repeater protocol because of its long hyperfine coherence time in addition to its ability to emit photons within the telecommunication wavelength range. To distribute entanglement over a long distance, we propose two different swapping gates between nearby ions using the exchange of virtual cavity photons and the electric dipole-dipole interaction. We analyze their expected performance, and discuss their strengths and weaknesses. Then, we show that a post-selection approach can be implemented to improve the gate fidelity of the virtual photon exchange scheme by monitoring cavity emission. Finally, we use our results for the swapping gates to estimate the overall fidelity and distribution rate for the protocol.
I. INTRODUCTION
Future quantum networks will require the ability of long-distance communication [1] [2] [3] . Although we have an existing global fiber optics network for classical communication, the bottleneck for long-distance quantum communication is the unavoidable transmission loss through fibers. Classical communication overcomes this problem by amplifying signals, however, due to the no cloning theorem the use of amplifiers is prohibited in quantum communication. Therefore, to circumvent this exponential decay of transmitted photons, the use of a quantum repeater has been suggested [4, 5] . Quantum repeaters aim to establish entanglement between two distant locations. Most of the quantum repeater protocols that have been proposed so far focus on atomic ensemble-based quantum memories and linear optics for entanglement generation and distribution [6] . This is an attractive route as it requires only a few relatively simple components. However, when using linear optics, the success probability for entanglement swapping cannot exceed 1/2, resulting in relatively low entanglement distribution rates. Using single-emitter-based quantum repeater protocols, on the other hand, one can perform entanglement swapping with a higher success probability [7] [8] [9] [10] [11] [12] .
Several works have demonstrated the ability to individually address single rare-earth (RE) ions [13] [14] [15] [16] [17] . RE ions in general have a smaller sensitivity to lattice phonons and experience little spectral diffusion [18] compared to quantum dots and NV centers in diamond. In addition, most other quantum systems, require the use of microwave (MW) to optical transducers (e.g., superconducting qubits [12] ) or the frequency downconversion to telecommunication wavelength (e.g., defects in diamond and quantum dots [19, 20] ) to match the low-loss wavelength range of fibers. However, the erbium (Er) RE ion has a unique feature, which is its ability to emit photons in the conventional telecommunication wavelength window. Moreover, significant enhancements of RE ion emission rates, including Er, have been demonstrated [17, [21] [22] [23] [24] .
In 168 Er with zero nuclear spin, the relevant coherence time is that of the electronic spin. Therefore, until recently, one challenge for using an 168 Er ion as a quantum memory was its short spin coherence time. For a single 168 Er ion doped in yttrium orthosilicate Y 2 SiO 5 crystal ( 168 Er:YSO) in the presence of a strong magnetic field, a spin coherence lifetime of a few milliseconds is expected in low temperatures, which is not quite long enough for a repeater protocol. Therefore, in our previous work, we proposed a quantum repeater architecture combining an individual 168 Er ion and europium ( 151 Eu) RE ion, which serve as a spin-photon interface and long-term memory, respectively [9] . In this scheme to perform a swapping gate using the electric dipole-dipole interaction, Er-Eu ions should be close-lying. Hence, fabricating and identifying suitable Er-Eu ion pairs is a main challenge of this scheme.
Recently, a hyperfine coherence time of 1.3 s has been measured for an ensemble of 167 Er:YSO using a strong external magnetic field [25] . Instead of applying a large magnetic field, it is also possible to extend the coherence time using the zero first-order Zeeman (ZEFOZ) technique. For the 167 Er ion, transitions with ZEFOZ shift exist with and without the external magnetic field [26] . The long hyperfine coherence time of 167 Er suggests that it could serve as both the spin-photon interface emitting telecom photons and the long-lived quantum memory needed to implement a repeater protocol. These advantages, in addition to the narrow optical transitions, have made 167 Er:YSO a very promising material platform for quantum communication.
In this paper, we propose and analyze a scheme to design quantum repeaters using single 167 Er ions. We consider individual 167 Er ions doped into a high quality factor YSO photonic crystal cavity. The presence of the cavity improves the intrinsic low radiative decay rate of the Er ion, increases the single-photon indistinguishability, and enhances the collection of photons into the desired transmission channel. We first explain how to generate entanglement between remote 167 Er ions over elementary links. Entanglement swapping between two ions within each cavity is then performed to extend the range of entanglement to successively longer distances. Build-ing on earlier work, we propose two different schemes to perform the entanglement swapping step of the repeater protocol deterministically. In the first scheme the controlled interaction between ions is achieved by the exchange of virtual cavity photons. In the second scheme the interaction is mediated by the electric dipole-dipole interaction between the ions. We also propose a method to improve the fidelity of the first scheme at the cost of some efficiency by monitoring cavity emission in order to post-select successful gates. We then determine the fidelity of each swapping gate scheme and finally estimate the overall fidelity of the proposed single Er repeater protocol.
The paper is organized as follows: In Sec II, we introduce our quantum repeater protocol. Sections III and IV deal with the estimation of the fidelity and efficiency, and the entanglement generation rate of the repeater protocol, respectively. The implementation of the protocol as well as the advantages and disadvantages of each of the entanglement swapping schemes are discussed in Sec.V. We conclude with future directions in Sec. VI
II. PROPOSAL
Each node consists of an optical cavity fabricated in the YSO host crystal that is doped with a pair of 167 Er ions.
In the presence of a strong magnetic field along the D 1 axis, the ground state electron spin freezes at the lower level. In our scheme, the m I = [25] . Therefore, with the use of a cavity, it is possible to utilize an L-type system, where the excited state has a high probability to decay to the initial ground state. This probability can be further increased by using a resonant cavity and therefore, we can ignore the other weak transitions.
A. Entanglement Generation
To generate entanglement between neighboring Er ions, e.g., Er i and Er i−1 , we follow the same scheme as [27, 28] . Initially, the |↑ -|e transition of each ion is coupled to its respective cavity. First, both ions are optically pumped into the m I = 7 2 hyperfine ground state. Using optical Raman pulses, each ion is then prepared in the superposition of |↑ and |↓ states. Ions are then excited to the |e state using a short laser pulse resonant with the |↑ -|e transition. After sufficient time has passed to allow a possible photon to be emitted through the cavity mode, optical Raman pulses are applied to flip the qubit state. This is followed by another optical excitation to the |e state to emit a possible photon. The second round of excitation is key to overcoming infidelity caused by photon loss in the fiber in the event that both ions emit a photon. The emitted photons are then collected and transmitted to a beam splitter located halfway in between the ions. The detection of two consecutive single photons will then leave ions in an entangled Bell state
Here the sign + (-) depends on whether the same (different) detectors detect photons.
B. Entanglement swapping
After generating entanglement over elementary links, entanglement is swapped between nearby ions within each cavity (e.g., Er i and Er i+1 in Fig. 1.a) . This can be done by performing a CNOT gate between the ions and then measuring the control (target) ion in the X (Z) basis. Measurement in the Z basis is achieved by the optical excitation of ions from the ground state |↑ to the excited state |e while this transition is coupled to the cavity. To perform the spin readout in X basis, we need to coherently rotate the ion (to make |↓ → 1/ √ 2(|↓ − |↑ ) and |↑ → 1/ √ 2(|↑ + |↓ )) followed by a measurement in the Z basis. Depending on the result of measurements (i.e., |↑ or |↓ ), and the initial entangled states over elementary links (i.e., |ψ ± given in Eq.1), the entangled state between the outer nodes will be projected onto a Bell state. To perform a CZ gate using the virtual photon exchange, we bring the |↑ -|e transition of the ions into resonance with each other while ions are dispersively coupled to the cavity. Using an optical π pulse, we then excite one of the ions and let the exchange of virtual cavity photons perform a π phase shift on the state.
In the following, we analyze two different approaches to achieve the required interaction to perform a CNOT gate between ions. Performing a deterministic gate using the virtual exchange of photons is discussed in Sec II B 1. We also discuss how monitoring the cavity emission can improve the fidelity of this scheme. In Sec. II B 2 we explain another scheme to perform a deterministic gate using the electric dipole-dipole interaction.
Virtual Photon Exchange
Since both Er ions of a single node are coupled to the same cavity, the interaction between these two ions can be mediated by the exchange of virtual cavity photons [29, 30] . Using this method, it is possible to perform a controlled phase-flip (CZ) gate between Er ions. A CZ gate combined with two Hadamard gates can then be used to perform a CNOT gate;
To perform the CZ gate, the |↑ -|e transitions of the ions are brought into resonance while both are dispersively coupled to a cavity mode (with the cavity detuning ∆). Then, we excite the first ion using an optical π pulse resonant with the |↑ -|e transition, as shown in Fig.2 . If the joint state of the ions was |↑↑ , then after exciting the ion, the virtual exchange of a cavity photon between degenerate states |↑ e and |e ↑ adiabatically performs a π phase shift on the state. Finally, another optical π pulse brings the excited qubit back to the ground state after a delay time.
So long as the splitting between states |e ↓ and |↑ e (which is 2δ eg = 2(w e − w g )) is large enough and the system has negligible spin-flip transitions coupled to the cavity, the other joint states of ions will not be affected by the pulses 1 and 2 [29] . The unitary operator of this phase-flip gate can be written as U CZ (Er i ,Er i+1 ) = − |↑↑ ↑↑| + |↑↓ ↑↓| + |↓↑ ↓↑| + |↓↓ ↓↓|.
After performing the CNOT gate, to complete the Pulse sequence to perform a CNOT gate between close-lying Eri (control) and Er1+i (target) ions. When Eri is in the state |↑ , due to the electric dipole-dipole interaction pulses 2-4 have no effect of the target ion. swapping process we measure Er i in the X basis and Er i+1 in the Z basis.
The two main processes limiting the fidelity of the CZ gate are cavity mode dissipation and spontaneous emission. If the cavity detuning is too small, the Purcell enhancement will cause the ions to decay into the cavity mode before the completion of the phase flip. On the other hand, if the detuning is too large, the dissipative interaction will be too slow to complete the phase flip before spontaneous emission occurs. The former limitation can be relaxed if the cavity emission is efficiently collected and monitored during the gate. Doing so allows for the rejection of gate attempts where cavity emission occurred, thus improving fidelity at the cost of some efficiency. Adding such a post-selection scheme also allows for the scheme to be performed with a smaller cavity detuning, which in turn, decreases the gate time and makes the scheme more robust against other decoherence processes.
Electric dipole-dipole interaction
Optically exciting an Er ion changes its permanent electric dipole moment. As a result, the electric field environment around the ion will change. This change in the local electric field can impact other nearby ions by shifting their optical transition frequencies by [31] :
where Er i is the excited ion, Er 1+i is its nearby ion, ∆µ is the change of the permanent electric dipole moment, r is the distance between ions, 0 is vacuum permittivity, h is the Planck constant, and is the dielectric constant. Using this modification in the transition frequency, one can perform a deterministic CNOT gate between nearby qubits. For both ions, we consider that the transition |↑ -|e is detuned from the cavity. First, we apply a short optical π pulse resonant with the |↑ -|e transition of the control ion (e.g., Er i ), as shown in Fig. 3 . Then, using pulses 2-4, we swap population in the target ion. Finally, pulse 5 brings the control ion back to its ground state. This process can be interrupted by the electric dipoledipole interaction if i) the control ion is in the state |↑ and ii) the ions are sufficiently close to each other. In this case, if the shift in the transition frequency ∆ν of the target ion is large compared to the transition linewidth, pulses 2-4 do not affect the system [32, 33] .
The overall result of this interaction is that the state of the target qubit is flipped if the control qubit is in the state |↓ . After performing the CNOT gate, we need to also measure the control (target) ion in the X (Z) basis.
III. FIDELITY AND EFFICIENCY
Here we estimate the fidelity and efficiency for each step as well as the overall fidelity of the protocol. We also show numerically how the fidelity of the virtual photon exchange swapping gate can be improved by monitoring the cavity emission. Here, the fidelities are calculated using the overlap between the imperfect final state and the expected final state.
A. Entanglement generation
When spin decoherence is negligible on the time scale of the optical dynamics, and the system operates in the bad-cavity regime, the fidelity of the Barrett-Kok entanglement generation scheme is given by [34] :
where γ = γ r (F p + 1) + γ nr is the Purcell-enhanced optical decay rate of the ion in the presence of the cavity, F p = Cγ/γ r is the Purcell factor, γ is the bare optical decay rate, C is the cavity cooperativity, γ r (γ nr ) is the radiative (non-radiative) decay rate, Γ = γ + 2γ is the optical decoherence rate, γ is the optical pure dephasing rate and ∆ ω is the difference between the optical transition frequencies of the ions. We calculate γ using the relation γ = 1/T 2 − γ/2 = 2π × 32 Hz, where T 2 = 4 ms is the optical coherence time (for B=7 T) [35] , and γ = 2π × 14 Hz [36] . Considering γ r = 2π × 3 Hz [37] , γ nr = 2π × 11 Hz and ∆ ω = 0 the entanglement generation fidelity would be F entangle =0.996 (0.979) for F p = 5000 (F p = 1000), as shown in Fig.4 . The entanglement generation efficiency is given by
is the success probability of single-photon emission into a collection fibre mode (see Sec.V C), η c is the collection ef-
2L att is the transmission efficiency in the fibre, L att ≈ 22 km is the attenuation length (corresponding to a loss of 0.2 dB/km), and η d is the detection efficiency.
B. Virtual photon exchange
While performing the CNOT gate, there is always some infidelity due to the Hadamard gates which do not depend on the scheme. Here we assume the the fidelity of the CNOT gate will be dominated by the phase gate step. Using the virtual photon exchange scheme, the maximum CZ gate fidelity is attained when the cavity detuning is ∆ = κ √ C/2, where C = 4g 2 /κγ is the cavity cooperativity, κ is the cavity decay rate and g is the cavity coupling rate. This corresponds to an optimal gate interaction time of T 0 = 2π/(γ √ C). In the regime where κ > g, the maximum gate fidelity is given by [29] :
where ∆ ω is a small detuning between the ions' optical transitions, ξ is the effective qubit decoherence rate, δ eg is the difference between the ground and excited state splittings, and T 0 = 2π/(γ √ C) is the optimal gate time when neglecting dephasing. The corresponding optimal detuning ∆ = κ √ C/2 implies that we require δ eg 2γ∆/κ for high fidelity. Eq. (4) is valid to first order in ξT 0 and 1/C, and to second order in T 0 ∆ ω and 1/(T 0 δ eg ).
For a given cavity cooperativity, the maximum fidelity for the virtual photon exchange gate can be increased if successful attempts are post-selected when no cavity emission is observed during the interaction. To estimate the amount of improvement, we numerically simulated the state of the system given that a detector monitoring the cavity mode emission did not measure a photon.
We consider the Hamiltonian in [29] :Ĥ =Ĥ A +Ĥ B + H C +Ĥ I whereĤ k is the k th ion Hamiltonian,Ĥ C is the cavity mode Hamiltonian andĤ I is the cavity-ion 4 . For this simulation we assumed an optical pure dephasing rate of γ = 2.3γ for both ions.
interaction. The four-level ion Hamiltonian iŝ
where ω k is the frequency separation between |↑ k and |e k , ω e is the separation between |e k and |e k , and ω g is the separation between |↑ k and |↓ k . Also,σ figure 2) . The cavity homogeneous evolution isĤ C = ω câ †â for cavity frequency ω c , cavity photon creation (annihilation) operatorâ † (â), and the interaction term iŝ
where g ↓ k is the cavity coupling rate of the |↓ -|e transition to the cavity mode and g ↑ k is the cavity coupling rate of the |↑ -|e transition to the cavity mode. In addition to the spontaneous emission rate γ k and cavity linewidth κ, we include an optical pure dephasing rate γ in the total Lindblad master equation given bẏ
where D(Â)ρ =ÂρÂ † − {Â †Â ,ρ}/2. This master equation defines the superoperator L whereρ = Lρ.
Using the method of conditional evolution [34, 38, 39 ] the unnormalized conditional stateρ 0 (t) at time t given that no emission was observed from the cavity since time
where Cρ =âρâ † is the cavity photon collapse superoperator, p is the probability of receiving a photon emitted by the cavity and η d is the detector efficiency. Then the probability that no photon is emitted from the cavity during the gate duration t − t 0 = T gate = π∆/g 2 is
where we assume that g = g j k is the same for all transitions. In this case the final state after a successful gate isρ
Assuming κ = 100 MHz, for a finesse of 10 6 , a cavity with a length of ∼ 5 µm is required. For such a cavity, we consider that C 9 × 10 4 . In the bad-cavity regime where g/κ = 10 −1 , perfect monitoring efficiency pη d = 1 improves the maximum gate fidelity from 0.968 to 0.995 while also decreasing the optimal detuning from about 100κ to 20κ, corresponding to a decrease in optimal gate time from T gate = 160µs to T gate = 32µs (see figure 5 ). These improvements come at the cost of the scheme becoming non-deterministic with an efficiency of 0.86.
C. Electric dipole-dipole interaction
The achievable fidelity for this CNOT gate is [9] : where T gate = 5π/Ω = 5π √ 3/∆ν is the gate time, Ω is the Rabi frequency for optical transitions (here we assumed Ω ↑ = Ω ↓ = Ω), ∆ν is the shift in the transition frequency, δν is the mischaracterization from the true value of ∆ν, and χ is the spin decoherence rate of the ion. Eq. 11 is valid to first order in γ, γ , χ Ω ∝ ∆ν and second-order in δν/∆ν 1. Considering χ = 2π × 0.12 Hz (for B=7 T) [25] , γ = 2π × 14 Hz [36] , γ = 2π × 32 Hz, ∆ν = 250 KHz (corresponding to r = 5 nm) and δν/∆ν = 0.02 the fidelity and gate time are F gate = 0.987 and T gate = 108 µs, respectively. Fig. 6 shows the gate fidelity as a function of the separation between ions.
D. Overall repeater fidelity
To estimate the fidelity of the final entangled state, we multiply the fidelities of all the individual steps for a repeater protocol as following
Here we assume F swap = F gate for each scheme i.e., Eqs. (4) and (11) . The fidelity of the entanglement generation needs to be established over m = 2 n elementary links of length L 0 . It has been shown that, even without the use of error correction protocols, the coherence time of 1s is more than enough to distribute entanglement over the distance of L = 1000 km [40] . Hence, we neglect the effect of the finite coherence time of the quantum memory due to the long hyperfine coherence time of the 167 Er ion [25] . Fig.7 shows the overall fidelity for different schemes as a function of the nesting level for F p = 45 × 10 4 and F p = 5 × 10 3 . As shown, the final fidelity of virtual photon exchange scheme increases significantly by monitoring the cavity emission to post-select successful gates. Note that, the electric dipole-dipole interaction schemes do not require a very high Purcell factor, i.e., F p = 45 × 10 4 . The fidelity of this scheme does not depend on the Purcell factor. Therefore, increasing the F p only affects the entanglement generation rate for this scheme.
IV. ENTANGLEMENT GENERATION RATE
The average time to distribute entanglement over two elementary links of length L 0 is (assuming the repeater rate is set by the communication time
where c = 2 × 10 8 m s , p en is the success probability of entanglement generation over an elementary link (see Sec.III A), and p s is the success probability of the entanglement swapping step. The latter requires two spin read-out measurements; therefore, assuming dark counts are negligible,
2 where p gate is the success probability of performing the swapping gate, and N is the number of cycling transitions (see Sec.V C). The entanglement generation time over the entire distance L = 2 n L 0 , where n is the number of nesting levels, is then given by
Here we assumed that the entanglement generation process could be performed on neighboring links at the same time. On the other hand, if entanglement generation should be established on neighboring links one by one (which is the case when spatial resolution of ions is not possible), then Eq.14 changes to D) is compared with the the protocol of the Ref. [9] for N = 100 (B), and N = 1 (E). Also shown is our protocol for the probabilistic swapping gate (pgate = 0.814) for N = 100 (C), and N = 1 (F), and finally the direct transmission in a fiber with a 1 GHz single-photon source (G). Other parameters are n = 3 and pη d = 0.8.
In Fig. 8 , using Eq. (14) we have plotted the entanglement generation rates of our proposed scheme as a function of distance for n = 3 and compared the result with the rates achieved using the single ErbiumEuropium scheme [9] . Line A (D) shows the rate of our protocol for N = 100 (N = 1) for deterministic gates with p gate = 1 (i.e., virtual photon exchange without cavity monitoring or the electric dipole interaction), while B (E) shows the rate for the protocol of Ref. [9] . Shown are also the repeater rates for the virtual photon exchange scheme post-selected on no cavity emission C (F). Here we put p gate = 0.814 which corresponds to a gate fidelity of 0.962 for F p = 45, 000. Note that, in terms of the efficiency, a high Purcell factor is not required for the other schemes. We have also plotted the rate expected using the direct transmission of photons with a 1 GHz photon rate (G) [41] .
In the scheme of Ref. [9] , the process of measuring the communication ion ( 168 Er), after mapping its state to the memory ion ( 151 Eu), introduced an additional source of inefficiency to the system. In our proposed scheme, however, the single 167 Er ions serve as both communication and memory ions; thus, the scaling with distance is better. By increasing the number of cycling transitions, the success probability of the measurement set improves, and the difference in rates between the two schemes becomes less drastic. However, even in this case, the implementation of the current proposed scheme is more experimentally feasible than the Er-Eu scheme because it does not require fabricating and identifying a close-lying pair of two species of ions.
Considering the enhanced decay rate γ = γ r (F p + 1) + γ nr for F p = 45 × 10 3 , the time it takes to perform N = 100 cycling transitions is approximately 23µs which is negligible compared to the communication time L 0 /c.
V. IMPLEMENTATION A. Entanglement generation
To perform entanglement generation between Er i and Er i−1 , for example, as illustrated in Fig1.a, we need to selectively optically address one ion at a time. Therefore, we either need to spatially address ions of the same cavity or put Er i+1 and Er i−2 ions out of resonance with the cavities they are placed in. One option to achieve the latter is through applying an electric field gradient to each cavity-ion system [42] . The Stark shift will then change the optical transition frequency of the ion out of resonance with the cavity.
Then, we need to prepare each ion in the ground state |↑ . Using frequency selection, pumping of 95 ± 3% of the population into the m I = 7 2 hyperfine state has been demonstrated for an ensemble of Er ions [25] . For an individual Er in the presence of a high-Purcell-factor cavity, a much higher percentage is expected.
The entanglement generation step also requires the excitation of the |↑ -|e transition for the ion which is resonant with the cavity. In order to avoid exciting both ground states to their respective excited states, the pulse spectral width should be much less than the difference between the ground and excited hyperfine level splittings. A cavity with a sufficiently small linewidth can also improve the branching ratio by enhancing one of the two transitions. For example, for the ground and excited states splitting difference of δ eg 100 MHz [25] , a cavity with a linewidth of κ (FWHM) centered on one transition can enhance that transition ∼ 1 + 4(δ eg /κ) 2 times more than the transition detuned by δ eg .
The presence of the cavity also improves the singlephoton indistinguishability as I = I 0 (1 + ζF p )/(1 + I 0 ζF p ) where I 0 = γ/(γ + 2γ ) is the single-photon indistinguishability in the absence of the cavity and ζ = γ r /γ.
B. Entanglement swapping
In the following, we discuss pros and cons for each entanglement swapping scheme in more detail.
Virtual photon exchange: Using this scheme, one can perform a deterministic gate between ions without the need of ions to be close-lying. During entanglement generation, the |↑ -|e transition of the ion should be in resonance with the cavity. However, to perform the entanglement swapping using the virtual photon exchange scheme, the ions need to be dispersively coupled to the cavity. It may be possible to avoid tuning the lines between the entanglement generation step and the swapping step by making the cavity resonant with one transition (e.g., |↑ -|e ) for entanglement generation and then choosing to use an off-resonant transition for the dissipative interaction required for entanglement swapping.
In addition, in this scheme we need to tune the optical transitions of the ions into resonance with each other. In the case that we are able to address ions individually in space, this can be done by using, for example, the AC Stark effect. On the other hand, if individual addressing is not possible, we can use a large electric or magnetic field gradient to tune the transitions.
However, after tuning the ions, to excite only one of the Er ions to the excited state, we still require the spatial resolution. For Er ions, which have long spontaneous emission time compared to the gate time, it might be possible to obviate this requirement by exciting one ion before bringing them in resonance. In this case, we should bring ions into resonance much faster than the gate time to keep the process adiabatic.
Efficient post-selection can enhance the fidelity of the gate for a given cavity cooperativity (or equivalently, reduce the cavity cooperativity requirement for a given fidelity). This method is especially useful for RE ions, which typically couple to the cavity in the weak coupling regime. This is because the adiabatic condition needed to achieve a virtual photon interaction can be more easily violated for cavities near or within the strong coupling regime. Hence, in that regime, any gains in fidelity made by reducing the emitter-cavity detuning when postselecting successful gates are offset by a decreased fidelity due to non-adiabatic phase evolution.
Electric dipole-dipole interaction: To perform this gate, it is necessary to use a control ion transition that is far detuned from the cavity (i.e., |↑ -|e in Fig. 3 ). Otherwise, the excited state decays at the Purcell-enhanced rate before the gate is complete. This is apparent from Eq. (11) where F gate ∼ 1 − T gate γ/2 implies that γ → γ + F p γ r would very quickly degrade the fidelity for any reasonable Purcell factor F p .
The electric dipole-dipole interaction performs a deterministic gate that is very sensitive to the distance between the ions and requires them to be very close together (see Fig.6 ). Hence, to perform the pulse sequence explained in Fig. 3 [26] , the magnetic dipole-dipole interaction is approximately 1.23 and 0.001 Hz for r ij = 1 and 10 nm, respectively. As a result, the magnetic dipole-dipole interaction will not interfere with the electric dipole-dipole interaction.
Performing the CNOT gate using the electric dipoledipole interaction does not require a cavity itself; however, to generate entanglement and to enhance the cycling transition (for the spin-readout), the |↑ -|e transition of the ions should be resonant with a cavity.
Unlike the virtual photon exchange scheme, the dipoledipole scheme cannot take advantage of a high readout efficiency to improve fidelity by monitoring the cavity emission. This is because, in this scheme, the cavity does not mediate the interaction and so it is already necessary to minimize cavity emission by detuning it as far as possible. However, if a system can be optimized for a high collection efficiency of spontaneous emission directly from the Er ions without causing a Purcell enhancement, it may be possible to apply this same principle to the dipole-dipole gate. This type of collection enhancement could be implement using, for example, a combination of microfabricated solid-immersion lenses [28] , reflective coatings on one side of the substrate, and an objective with a large numerical aperture.
C. State measurement
In all of the explained schemes, a spin read-out of each ion is required. To do so, we excite the |↑ -|e transition of the Er ion and attempt to detect an emitted photon. The probability of emitting a photon into the cavity mode (emission quantum efficiency) is p = η c γ r F p /(γ r (F p + 1) + γ nr ). Hence, for example, for F p = 1000 we expect p = 0.993η c η c . Even for p = 1, the state measurement is limited by the efficiency of the single-photon detectors. Using superconducting detectors, the detection efficiency of more than 90% has been demonstrated [43] [44] [45] . To improve the detection probability, we can repeatedly excite the ion in a cycling transition (through the |↑ -|e transition) such that many photons will be emitted into the cavity and eventually at least one will be detected [22, 46, 47] . Recently, it has been shown that a single 168 Er ion doped Y 2 SiO 5 crystal coupled to a silicon nanophotonic cavity can scatter more than 1200 photons using a single cycling transition [22] .
VI. CONCLUSION AND OUTLOOK
The 167 Er RE ion provides all of the desired features to implement the required elements of a quantum repeater. It has a nuclear spin coherence time within the one-second range, providing a natural long-lived quantum memory. It also has emission in the telecommunication wavelength window for low-loss long-distance transmission. Our proposed quantum repeater architecture utilizes a cavity-ion coupling to increase the spontaneous emission rate of the ion, improving the collection efficiency and single-photon indistinguishability. We discussed two different schemes to perform two qubit gates to achieve entanglement swapping within a repeater node. One can select the best scheme depending on the cavity characteristics and whether or not the ions are individually addressable in space or spectrum, or not at all. We have also shown how to improve the fidelity of a cavity-based virtual photon exchange entanglement swapping scheme by post-selecting successful gates on the absence of detected cavity emission. This post-selection approach could also be useful for other systems and gate schemes where cavity dissipation is the primary limitation for the fidelity.
We have shown that by using single 167 Er ions, a higher entanglement distribution rate is possible compared to a hybrid single 168 Er -151 Eu repeater scheme [9] . This entanglement distribution rate can even be further improved by multiplexing the protocol [9] . In terms of experimental feasibility, it is also easier to deal with a single species of ions rather than a doubly doped crystal.
Under certain conditions, a modified version of the Barrett-Kok scheme [48] can be used to perform a nearly deterministic swapping gate between nearby ions of a cavity. This scheme does not require any individual addressing of ions or having them be close-lying. Instead, it needs ions to be in resonance with each other. In this modified scheme, the ions are detuned from the cavity and both are excited to the state |e simultaneously. The detection of one photon then projects one ion onto the state |↑ , but does not reveal which ion decayed. This generates an entangled state |e ↑ + |↑ e between the ions. After the first photon detection, if both ion qubits are immediately flipped, and we wait for a second photon detection, the entangled state |ψ + is generated between the ions. Therefore, one can use this modified scheme to perform a CNOT gate between ions in the same cavity. Because the excited-state lifetime of Er is so long, it should be possible to perform the feedback (spin flipping) fast enough to perform a nearly deterministic gate.
